Introduction. Let sé be a von Neumann algebra with center 5ona
Hubert space H; a positive function g on sé is included in a positive functional / on sé (notation: g<f) if there is a scalar a>0 such that/-ag is a positive functional on stf. A nonzero positive functional on sé which includes only scalar multiples of itself is said to be irreducible. In this paper we shall call a positive functional/on sé generalized irreducible if whenever g is a positive functional such that g<f there is an element A 0 in sé+, the cone of positive elements of sé, such that/(^4 0A) = g(A), for all A in sé. A positive functional/on sé is said to be normal if for each monotonely increasing net {Ad ] de D) with least upper bound A, we have/(^4) = lub{f(Ad) | de D). In the present paper we obtain a representation theorem for a normal generalized irreducible functional / on a von Neumann algebra sé of and (3) the / for £ in the support Y of v are positive functional such that for each fixed Am sé the map t, ~^f(A) is continuous. We shall show that the functionals / have special properties. We also prove that normal functional / obtained from a representation of the form (A) in which the functionals / have this special property is generalized irreducible.
These theorems may be viewed as a generalization of certain results of Tomita [6] . Tomita studied positive functionals / on a C*-algebra sé with identity and with center 3£ with the property: if g<f, there is an A0e 3?+ such that g(A) = f(AA0) for all A e sé. These functionals are called centrally irreducible functionals. Some of the lemmas necessary for this generalization give results on centrally reducible functionals with little additional effort. We therefore briefly indicate in what direction this effort should be applied.
Let sé be a von Neumann algebra with center 2£ on a Hubert space H; let Z Proof. The verification that / is a nonzero positive functional is straightforward. Let g be a positive functional on si included in/. Since /([£]) = 0, #([£]) = 0-There is a functional gi on si(t) such that gi(^4(£))=g(^), for all A in ¿/. Furthermore, g(I-E) = 0; this means that g(A)=g(EAE), for all ,4 in si. Let / be a centrally irreducible functional on a C*-algebra sé with identity / and center 2£; then the commutator <&{sé)' of the image <&{sé) of sé under the canonical representation 4> of ¿/ on //(/") induced by / is equal to <&(2£). The functional wh (h = I-L(f)) on the von Neumann algebra <î>(sé)" on //(/) generated by ($>(sé) is representable as MB)= f ^0^(9 (££<!>«)").
The measure vi is the spectral measure vh on the spectrum Zi of <!>(&), and the projection E is the cyclic projection E=E(<b(sé)',h). The functionals f(B) = te(B)~(Q (£ e ZJ are irreducible on Í>(j/)" and therefore the/ (£ e Z-¡) are elements of the pure state space of <&{sé) [2] . The representation <S of 2£ onto <p(^T) induces a homeomorphism of Zx into Z; the representation for wh(<ï>(A)) = f(A) (A esé) can be carried over to an integral representation on the spectrum Z of 3Í of the form ¡z gç(A) dv(Q. Each of the functionals gç (£ e support v) is in the pure state space of sé; and for each fixed A in sé I -> gK(A) is continuous on the support of v. These steps will be discussed in more detail in the ensuing theorems.
3. Generalized irreducible functionals. Let si be an algebra of continuous linear operators on a Hubert space H. The commutator of si is the set si' of all continuous linear operators A' on H such that AA' = A'A for all A in si. If A is a vector in H, the cyclic projection E(si, h) generated by si and h is that projection which corresponds to the subspace of H given by closure {Ah\A in si}. A nonzero vector h in H is called a trace element for the algebra si if (ABh, h) = (BAh, h) for all A, B in si.
We first clarify the notion of a generalized irreducible functional in the next proposition.
Proposition 3.1. Let si be a von Neumann algebra on a Hilbert space H. The vector functional wh is generalized irreducible on si if and only if h is a trace element for EsiE where E=E(si', h).
Proof. The statement that wh is generalized irreducible if h is a trace element on EsiE is known [1, p. 96, Proposition 5] . We proceed with the proof of the converse. Let wh be generalized irreducible on si and let E' be the projection in si' given by E' = E(si, h). If A' is an element in (si') +, we have that g(A) = wh(A' A) is a positive functional on si included in wh. Thus, there is an element A0 in si+ such that g(A) = wh(AA0) for all A in si. This means ((A0-A')h,Ah) = 0, for all A in si. Since {Ah | A e si} is dense in E'(H), we have E\A0-A')E'h = 0.
Therefore, for any A' in si', there is an element A0 in si such that
These relations show that A is a trace element for E'si'E'. Indeed, for Ä, B', in si' we have
where A0 is an element of si given by E'A0E'h = E'A'E'h and E'A%E'h = E'A'*E'h.
By the first part of the theorem wh is generalized irreducible on si'; a second application of the preceding argument shows wh is generalized irreducible on si.
From the preceding proposition the next decomposition follows immediately. Proof. We prove the parts (1), (2), (3) without using the hypothesis that si is of Type I.
Let <t> be the canonical representation of si on //(/) induced by / The map 0 is normal and therefore <¡>(sf) is a von Neumann algebra on H(f). Let k be the cyclic vector in H(f) under <&(si) such that (<t>(A)k, k) =f(A) for all A in si. If g is a positive functional included in wk, it is easy to see that there is a B e Q>(si)+ such that g(A) = wk(BA) for all A in <S>(si). Thus, wk, is generalized irreducible on the algebra <b(si). Let F be the projection in <$>(si) given by F=E(<b(si)',k). There is a projection Q in 2£ such that the kernel of 3> is A(I-Q). The unique projection is in siQ such that <&(E) = F is the support of/ We claim that/is a faithful finite normal trace on EsiE. That / is faithful and finite needs no verification. To prove/is a trace on EsiE, let A and B be members of EsiE. We have
Thus, /is a trace on EsiE.
We have proved that EsiE is a finite von Neumann algebra. If si is of Type I, so is EsiE. The algebra EsiE possesses a canonical #-map A -*■ A# of EsiE onto the center 3S^ of EsiE [1] . We may write for all A in EsiE (1) f(A) = f(A#) = JA#~(tù dvSù where vx is the spectral measure on the spectrum Z2 of 2£x. The measure arises from restricting/to Zx.
Let P be the central support of E. There is an isomorphism of 3(P into S£x given by A -> AE, for A e 2£P. There is a homeomorphism p of the spectrum Zx of 2£x onto the spectrum Y = {£ e Z I P(£) = 1} of 2£P such that the map A^-AEoî 2£P to 2£x is given by Â -> Â■ p when 2£P and 2£x are identified Setting/í(¿) = (£';v4£'))*'N(£0) we have that/c is irreducible on EséE. Consequently, fK is irreducible on sé.
We now show that/ has property (5). Let g be the restriction of/ to EséE. It is sufficient to show g is generalized irreducible on EséE. Let gx be a positive functional included in g. There is a positive functional g2 on L(Hn), the set of all linear operators on Hn, such that g2 ■ T=gi and g2 is included in 2 {we|t | 1 :£ A: ^ «}.
But 2 We* is a trace on L(Hn). There is an A0 in (EséE)+ such that f i(¿) = f aCF(¿)) = 2, wtkQe(AoA)) = *(¿¿0), for all A in is^s/is. Thus g is generalized irreducible on EséE. Q.E.D.
The converse of the preceding theorem is contained in the next two theorems. is an abelian projection. Let Q'i, Q'2,..., Q'n be the central supports of Ex, E2,. ■ ■, En respectively. Let PX,P2, ■■ -,Pm be the sequence of projections in 2£ which satisfy properties (1) and (2) of the lemma with respect to Q\, Q2, ■ ■ ■, Q'n-For each j consider the projections P,EX, PjE2,..., PjEn. There is no loss in generality in assuming PjEi, PjE2,..., PjEr are nonzero and that P,Er + 1 = PJEr + 2= ■ ■ ■ =P¡En = Q. Since PjEx,PjE2,.. .,PjEr are nonzero, we have P¡^Q'k for k=l,2,..., r. Thus, PjEi, PjE2,..., PjEr are abelian projections with central support P}. This implies that PjEx, PjE2,..., PjEr are equivalent.
Let us define the functional
where Z¡ is the open and closed subset of Z given by Z^ = {£eZ | P/£)=l}. We have that the functionals fK, fK,.. .,/c (£ eZ,) enjoy property (a) (respectively, property (b)) whenever/u,/2t,.. .,/c (£e Y) enjoy property (a) (respectively, property (b)). If each fPj has the property set forth in the conclusion of the theorem for sé Pj depending on whether the/c (1 újíkr) satisfy (a) or (b), then it is easy to Because £(£)1/2ä0, Xj(Xj, xj) = (B(Qll2xj, x¡)^0 and so A^O. We also have that A;>0 since {x¡, xJ)=fj!;(Ej)^Q (expression (2)). Therefore (from expression (2) Thus B^B*. Q.E.D.
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